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The transient behaviour of conjugated heat transfer in laminar microchannel flow is investigated, taking
into account the axial diffusion effects, which are often of relevance in microchannels, and including pre-
heating or pre-cooling of the region upstream of the heat exchange section. The solution methodology is
based on the Generalized Integral Transform Technique (GITT), as applied to a single domain formulation
proposed for modelling the heat transfer phenomena at both the fluid stream and the channel wall
regions. By making use of coefficients represented as space dependent functions with abrupt transitions
occurring at the fluidewall interfaces, the mathematical model carries the information concerning the
transition of the two domains, unifying the model into a single domain formulation with variable co-
efficients. The proposed approach is illustrated for microchannels with polymeric walls of different
thicknesses. The accuracy of approximate internal wall temperature estimates deduced from measure-
ments of the external wall temperatures, accounting only for the thermal resistance across the wall
thickness, is also analyzed.

� 2014 Elsevier Masson SAS. All rights reserved.
1. Introduction consider only the influence of the wall thermal capacitance on
Transient forced convection in channels has been a subject of
intense research activity since the earlier works of S. Kakaç and
collaborators [1e3], in the context of fundamental work aimed at
the development of analytical solution techniques and the experi-
mental validation of proposed models and methodologies, for both
the fully transient and periodic states, in either laminar or turbulent
regimen [4e16]. This research front was later on further pursued in
the direction of extending the previously developed hybrid tools to
handle both transient flow and transient convection problems in
microchannels within the slip flow regime [17e22].

Most of these works on transient forced convection were
based on extension or application of the ideas in the Generalized
Integral Transform Technique (GITT), a well-established hybrid
numerical-analytical solution methodology for convection-
diffusion problems [23e28]. Also, most of the works cited
above do not account for wall conjugation effects or at most
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served.
the transient behavior of the fluid temperature evolution along
the channel [7e9]. A few works have analyzed the effects of heat
conduction along the wall, in addition to thermal capacitance, in
the transient behavior of internal forced convection with wall
participation [29e35].

Although transients might be very rapid during convective heat
transfer within microchannels, due to the short length and time
scales involved, conjugation effects might play a major role in the
transient behavior of thermal microsystems, considerably
increasing the duration of the thermal responses to different
timewise disturbances. Conjugated heat transfer is in fact a typical
example of an effect that may have significant importance inmicro-
scale convective heat transfer but is often neglected in macro-scale
situations. Nunes et al. [36] presented a theoretical-experimental
study of steady state conjugated heat transfer in microchannels,
with the theoretical model taking into account heat conduction
along the microchannel walls length, extending the work devel-
oped in Ref. [37]. This work is also based on the Generalized Integral
Transform Technique, modeled through a mixed lumped-
differential thermal formulation which proposes lumping over
the wall transversal direction only and accounting for the longi-
tudinal heat conduction. The approach in Ref. [36] yields simulation
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Nomenclature

Bi Biot number
Dh hydraulic diameter
gi source term in the transformed problem, Eq. (16a)
he heat transfer coefficient at the channel external wall
K dimensionless thermal conductivity
k thermal conductivity
L thickness of the channel wall
Le distance from the channel centerline to the external

face of the channel wall
Lf channel height
Lw channel width
M truncation order of the auxiliary problem
Nz, Nx, NU, Nf Normalization integrals corresponding to the

eigenfunctions z, x, Uand f

N truncation order of the temperature field expansions
Pe Péclet number
T temperature field
t time variable
U dimensionless fully developed velocity profile
u velocity profile
W dimensionless heat capacity
w heat capacity
Y dimensionless transversal coordinate
y transversal coordinate
Z dimensionless longitudinal coordinate
z longitudinal coordinate

Greek letters
a thermal diffusivity, Eq. (2)
b,a,l,y,m eigenvalues corresponding to x,z,U, f, and j

respectively
d transition function
z eigenfunction of the insulated region eigenvalue

problem
h parameter that controls the transition spatial behavior
q dimensionless temperature field
n kinematic viscosity
x eigenfunction of the heat exchange section eigenvalue

problem
s dimensionless time
f eigenfunction of the auxiliary problem corresponding

to insulated region eigenvalue problem
j eigenfunction
U eigenfunction of the auxiliary problem corresponding

to the heat exchange section eigenvalue problem

Subscripts & superscripts
ad quantity corresponding to the insulated upstream

region
i,m,n order of eigenquantities
e integral transform
w normalized eigenfunction
f fluid
s solid
in channel inlet
N external environment

Fig. 1. Schematic representation of the transient conjugated heat transfer problem in a
microchannel with upstream region participation.
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results in much better agreement with the available experimental
data obtained in the same work, reconfirming the importance of
wall conjugation in micro-channels applications.

More recently, the reformulation of conjugated conduction-
convection problems has been proposed as a single region model
that fully accounts for the local heat transfer at both the fluid flow
and the channel wall regions [38e40]. This novel approach allows
for a straightforward hybrid analytical-numerical analysis of more
involved conjugated heat transfer problem formulations, again
based on the GITT in either total or partial transformation schemes.
By introducing coefficients represented as space variable functions
with abrupt transitions occurring at the fluidewall interfaces, the
mathematical model carries the information concerning the two
original domains of the problem.

In the present work, making use of this single domain formu-
lation and the integral transform method, the transient behavior of
conjugated heat transfer in laminar microchannel flow is investi-
gated, taking into account the thermal capacitance and transversal
and axial diffusion effects at both the fluid and the walls, and
including the participation of thewall and fluid regions upstream of
the heat exchange section. For illustration purposes, an existing
experimental configuration is considered, consisting of a rectan-
gular microchannel etched on a polyester resin substrate [41], with
different wall thicknesses. We also verify the accuracy andmerits of
a simple thermal resistance model, applied across the wall thick-
ness, in estimating the internal wall temperatures from available
measurements of the external wall temperatures.

2. Problem formulation and solution methodology

Fig. 1 depicts a schematic representation of the problem under
consideration. The channel wall is considered to participate in the
heat transfer problem through both transversal and longitudinal
heat conduction. We consider a laminar incompressible internal
flow of a Newtonian fluid inside a rectangular channel with height
and width given by Lf and Lw, respectively, being Lw[Lf so that it
can be represented by a flow between parallel plates, undergoing
conjugated heat transfer between the fluid and boundingwalls. The
external face of the microchannel exchanges heat with the sur-
rounding environment by means of convection with a known heat
transfer coefficient, he. It is also considered that the microchannel
heat exchange section, 0 � z � zN, may exchange heat with the
transversally insulated upstream region, �zad,N � z � 0. The fluid
flows with a fully developed velocity profile uf(y), and with uniform
inlet temperature, Tin. The flow is assumed to be hydrodynamically
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developed but thermally developing, with negligible viscous
dissipation and temperature independent physical properties.

Defining space variable coefficients with abrupt transitions, the
dimensionless formulation of the conjugated problem as a single
domain model is given by Ref. [40]:

WðYÞ vqðY ; Z; sÞ
vs

þ UðYÞWðYÞ vq
vZ

¼ KðYÞ
Pe2

v2q

vZ2
þ 4
s2

v

vY

�
KðYÞ vq

vY

�
;

0 < Y < 1; �Zad;N < Z < ZN; s > 0

(1a)

vq

vY

����
Y¼0

¼ 0;
vq

vY

����
Y¼1

þ Bief ðZÞqðY ¼ 1; Z; sÞ ¼ 0;

� Zad;N < Z < ZN; s > 0
(1b,c)

q
�
Y ;Z ¼ �Zad;N;s

� ¼ 1;
vq

vZ

����
Z¼ZN

¼ 0; 0<Y <1; s>0 (1d,e)

qðY; Z; s ¼ 0Þ ¼ 0; 0 < Y < 1; �Zad;N < Z < ZN (1f)

with:

UðYÞ ¼
�
Uf

�
Y
	
; if 0 < Y < Yi

0; if Yi < Y < 1
KðYÞ ¼

�
1; if 0 < Y < Yi
ks=kf ; if Yi < Y < 1

WðYÞ ¼
�
1; if 0 < Y < Yi
ws=wf ; if Yi < Y < 1

(1g ei)

Bief ðZÞ ¼
�
0; if � Zad;N < Z < 0
Bi; if 0 < Z < ZN

(1j)

where the following dimensionless groups have been employed:

Z ¼ z=Dh

RePr
¼ z

DhPe
; Y ¼ y

Le
; U ¼ u

uav
; q ¼ T � TN

Tin � TN
;

K ¼ k
kf
; Re ¼ uavDh

n
; Pr ¼ n

a
; Pe ¼ RePr ¼ uavDh

a
;

a ¼ kf
wf

; Bi ¼ heLe
ks

; s ¼ Le
Lf
; s ¼ at

D2
h

; W ¼ w
wf

; Yi ¼
Lf
2Le

(2)

and where y and z are the transversal and longitudinal variables,
respectively, t is the time variable, u is the fully developed velocity
profile, T is the temperature field, k and w are the thermal con-
ductivity and heat capacity, respectively, n is the kinematic viscosity
and the hydraulic diameter is given byDh¼ 2Lf. The subscripts s and
f indicate the solid (channel wall) and fluid stream regions,
respectively. In order to solve through integral transformation the
problem given by Eq. (1), we define the following integral trans-
form pair:

transform : qiðZ; sÞ ¼
Z1
0

WðYÞ~jiðY ; ZÞqðY; Z; sÞdY (3a)

inverse : qðY ; Z; sÞ ¼
XN
i¼1

~jiðY ; ZÞqiðZ; sÞ (3b)

where the normalized eigenfunctions ~jiðY ; ZÞ and associated ei-
genvalues mi(Z) are represented, respectively, by ~ziðYÞ and ai,
for �Zad,N < Z < 0, and by ~xiðYÞ and bi, for 0 < Z < ZN. Thus, it is
convenient to represent as a single continuous function the tran-
sition between the upstream and heat exchange regions in the
form:

~jiðY ; ZÞ ¼ ~xiðYÞ þ
h
~ziðYÞ � ~xiðYÞ

i
dðZÞ; and

miðZÞ ¼ bi þ ðai � biÞdðZÞ
(4a,b)

where the transition function may be taken as

dðZÞ ¼ 1
1þ expðhZÞ (4c)

where the parameter h controls the spatial transition behavior and
thus may be adequately chosen in order to make the transition as
abrupt as necessary.

The normalized eigenfunctions ~xiðYÞ and associated eigenvalues
bi come from the following eigenvalue problem, corresponding to
the heat exchange section:

4
s2

d
dY

�
KðYÞdxðYÞ

dY

�
þWðYÞb2xðYÞ ¼ 0 (5a)

dx
dY

����
Y¼0

¼ 0;
dx
dY

����
Y¼1

þ BixðY ¼ 1Þ ¼ 0 (5b,c)

whereas the normalized eigenfunctions ~ziðYÞ and associated ei-
genvalues ai, corresponding to the upstream region, come from:

4
s2

d
dY

�
KðYÞdzðYÞ

dY

�
þWðYÞa2zðYÞ ¼ 0 (6a)

dz
dY

����
Y¼0

¼ 0;
dz
dY

����
Y¼1

¼ 0 ¼ 0 (6b,c)

and the normalized eigenfunctions are calculated as:

~xiðYÞ ¼ xiðYÞffiffiffiffiffiffiffi
Nxi

q ; and ~ziðYÞ ¼ ziðYÞffiffiffiffiffiffiffi
Nzi

q (7a,b)

with the normalization integrals given by:

Nxi
¼
Z1
0

WðYÞx2i ðYÞdY ; and Nzi
¼
Z1
0

WðYÞz2i ðYÞdY (8a,b)

The eigenvalue problems defined in Eqs. (5) and (6) can be
handled by the GITT itself with the proposition of a simpler auxil-
iary problem and expanding the unknown eigenfunctions in terms
of the chosen basis [42,43].

Here, the simplest possible auxiliary problems have been cho-
sen, keeping the boundary conditions of the original problem,
which for the heat exchange section is written as:

d2UnðYÞ
dY2 þ l2nUnðYÞ ¼ 0 (9a)

dUnðYÞ
dY

����
Y¼0

¼ 0;
dUn

dY

����
Y¼1

þ Bi UnðY ¼ 1Þ ¼ 0 (9b,c)

and for the upstream region is written as:
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d2fnðYÞ
dY2 þ y2nfnðYÞ ¼ 0 (10a)

dfnðYÞ
dY

����
Y¼0

¼ 0;
dfnðYÞ
dY

����
Y¼1

¼ 0 (10b,c)

The proposed expansions of the original eigenfunctions are then
given by:

xiðYÞ ¼
XN
n¼1

~UnðYÞxi;n; inverse (11a)

xi;n ¼
Z1
0

xiðYÞ~UnðYÞdY ; transform (11b)

and

ziðYÞ ¼
XN
n¼0

~fnðYÞzi;n; inverse (12a)

zi;n ¼
Z1
0

ziðYÞ~fnðYÞdY ; transform (12b)

where the normalized eigenfunctions ~UnðYÞ and ~fnðYÞ are given by
the following expressions:

~UnðYÞ ¼ UnðYÞffiffiffiffiffiffiffiffi
NUn

p ; and ~fnðYÞ ¼ fnðYÞffiffiffiffiffiffiffiffi
Nfn

q (13a,b)

with the normalization integrals given by:

NUn
¼
Z1
0

U2
ndY; and Nfn

¼
Z1
0

f2
ndY (13c,d)

The integral transformation of the eigenvalue problems with
space variable coefficients, given by the problems defined in Eqs.
(5) and (6), is then performed by operating on Eq. (5a) withR 1
0
~UnðYÞ � dY and on Eq. (6a) with

R 1
0
~fnðYÞ � dY , respectively. For

the problem defined in Eq. (5), we then have:

ðA� nBÞx ¼ 0; with ni ¼ b2i (14a)

x¼
n
xn;m

o
; B¼ �Bn;m�; Bn;m ¼

Z1
0

UðYÞ~UnðYÞ~UmðYÞdY (14bed)
A ¼ �
An;m

�
; An;m ¼

Z1
0

~UmðYÞ 4
s2

d
dY

 
KðYÞd

~UnðYÞ
dY

!
dY ¼

¼ 4
s2

KðY ¼ 1Þ~UmðY ¼ 1Þd
~UnðYÞ
dY

�����
Y¼1

� 4
s2

Z1
0

K

whereas for the problem defined in Eq. (6) we have:

ðA� nBÞz ¼ 0; with ni ¼ a2i (15a)

z¼
n
zn;m

o
; B¼ �Bn;m�; Bn;m ¼

Z1
0

UðYÞ~fnðYÞ~fmðYÞdY (15bed)

A ¼ �
An;m

�
; An;m ¼

Z1
0

~fmðYÞ
4
s2

d
dY

 
KðYÞd

~fnðYÞ
dY

!
dY ¼

¼ � 4
s2

Z1
0

KðYÞd
~fmðYÞ
dY

d~fnðYÞ
dY

dY

(15e,f)

The algebraic problems, given by Eqs. (14) and (15), after trun-
cation to a sufficiently large finite order M, are numerically solved,
yielding results for the eigenvalues and eigenvectors. Then, the
desired original eigenfunctions, xi(Y) and zi(Y), can be readily con-
structed by recalling the inverse formulae given by Eqs. (11a) and
(12a), respectively.

Then, operating on Eq. (1a) with
Z 1

0
jiðY; ZÞ � dY and making

use of the boundary conditions along with Green’s second identity,
we obtain the following one-dimensional partial differential
equations (PDE) system:

vqiðZ; sÞ
vs

þ m2i ðZÞqi ¼ gi
�
Z; s; q

	
; i ¼ 1;2;. (16a)

where

gi
�
Z; s; q

	
¼ �

XN
j¼1

vqj
vZ

Z1
0

WðYÞUðYÞ~ji
~jjdY

�
XN
j¼1

v2qj
vZ2

Z1
0

KðYÞ
Pe2

~ji
~jjdY; q ¼

n
q1; q2; :::

o

(16b,c)

with the transformed boundary and initial conditions given by:

qi
�
Z ¼ �Zad;N; s

� ¼
Z1
0

WðYÞ~jiðYÞdY ;
vqi
vZ

�����
Z¼ZN

¼ 0 (16d,e)

qiðZ; s ¼ 0Þ ¼ 0 (16f)
ðYÞd
~UmðYÞ
dY

d~UnðYÞ
dY

dY

(14e,f)



Fig. 2. Comparison between the dimensionless centerline temperature solution by
means of the GITT with the single domain formulation and the purely numerical so-
lution through COMSOL Multiphysics. (a)Pe ¼ 27.476; (b)Pe ¼ 0.5234.

Table 1(a)
Convergence behavior of the case with Pe ¼ 27.476, with respect to the truncation
order of the temperature field expansion, N, with fixed M ¼ 60.

s ¼ 20
N Z ¼ 3 Z ¼ 5 Z ¼ 7 Z ¼ 9

N ¼ 2 1.000 0.9892 0.6582 0.3772
N ¼ 4 1.000 0.9892 0.6585 0.3776
N ¼ 6 1.000 0.9892 0.6584 0.3775
N ¼ 8 1.000 0.9892 0.6585 0.3775
N ¼ 10 1.000 0.9893 0.6585 0.3776
COMSOL 1.000 0.9998 0.6524 0.3731

s ¼ 30
N Z ¼ 3 Z ¼ 5 Z ¼ 9 Z ¼ 13

N ¼ 2 1.000 0.9892 0.4286 0.1785
N ¼ 4 1.000 0.9892 0.4288 0.1786
N ¼ 6 1.000 0.9892 0.4288 0.1786
N ¼ 8 1.000 0.9892 0.4288 0.1786
N ¼ 10 1.000 0.9893 0.4288 0.1786
COMSOL 1.000 0.9998 0.4249 0.1768

Table 1(b)
Convergence behavior of the case with Pe ¼ 27.476, with respect to the truncation
order of the algebraic eigenvalue problem, M, with fixed N ¼ 10.

s ¼ 20
M Z ¼ 3 Z ¼ 5 Z ¼ 7 Z ¼ 9

M ¼ 20 1.000 0.9902 0.6576 0.3761
M ¼ 30 1.000 0.9894 0.6584 0.3777
M ¼ 40 1.000 0.9892 0.6584 0.3776
M ¼ 50 1.000 0.9894 0.6584 0.3775
M ¼ 60 1.000 0.9893 0.6585 0.3776

s ¼ 30
M Z ¼ 3 Z ¼ 5 Z ¼ 9 Z ¼ 13

M ¼ 20 1.000 0.9902 0.4282 0.1782
M ¼ 30 1.000 0.9894 0.4287 0.1786
M ¼ 40 1.000 0.9892 0.4288 0.1786
M ¼ 50 1.000 0.9894 0.4288 0.1786
M ¼ 60 1.000 0.9893 0.4288 0.1786
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The PDE system given by Eq. (16), after truncated to a finite
order N, sufficiently large to satisfy the accuracy needs, can be
numerically solved to provide results for the transformed temper-
atures, qiðZ; sÞ. TheMathematica platform [44] provides the routine
NDSolve for the solution of the PDE system here considered, under
automatic absolute and relative errors control. Once the trans-
formed potentials have been numerically computed, the Mathe-
matica routine automatically provides an interpolation function
object that approximates the Z and s variables behavior of the so-
lution in a continuous form. Then, the inversion formula (3b) can be
recalled to yield the potential field representation q at any desired
position (Y,Z) and time s.

3. Results and discussion

A numerical example is here considered as a rectangular
microchannel with Lf ¼ 200 mm height and Lw ¼ 40 mm width,
etched on a polyester resin substrate with ks ¼ 0.16 W/mK and
ws ¼ 1.482 � 106 J/m3 K [41,43], and water as the working fluid
(kf ¼ 0.58 W/mK and wf ¼ 4.16 � 106 J/m3 K). The microchannel
external wall is assumed to be submitted to forced convection with
air yielding Bi ¼ 0.11(he ¼ 60 W/m2 �C). A few test cases are
considered by varying the thickness of the channel wall, L, which
can be written in terms of the previously defined parameters as:

L ¼ Le �
Lf
2

(17)
Table 2(a)
Convergence behavior of the case with Pe ¼ 0.5234, with respect to the truncation
order of temperature field expansion, N, with fixed M ¼ 60.

s ¼ 50
N Z ¼ �20 Z ¼ �10 Z ¼ 0 Z ¼ 10

N ¼ 2 0.7278 0.4474 0.1666 0.02522
N ¼ 4 0.7278 0.4474 0.1666 0.02523
N ¼ 6 0.7278 0.4474 0.1666 0.02523
N ¼ 8 0.7278 0.4474 0.1666 0.02523
N ¼ 10 0.7278 0.4474 0.1666 0.02523
COMSOL 0.7277 0.4474 0.1696 0.02559

s ¼ 90
N Z ¼ �20 Z ¼ �10 Z ¼ 0 Z ¼ 10

N ¼ 2 0.9344 0.8132 0.4645 0.1119
N ¼ 4 0.9344 0.8132 0.4645 0.1119
N ¼ 6 0.9344 0.8132 0.4645 0.1119
N ¼ 8 0.9344 0.8132 0.4645 0.1119
N ¼ 10 0.9344 0.8132 0.4645 0.1119
COMSOL 0.9343 0.8137 0.4705 0.1129



Table 2(b)
Convergence behavior of the case with Pe ¼ 0.5234, with respect to the truncation
order of the algebraic eigenvalue problem, M, with fixed N ¼ 10.

s ¼ 50
M Z ¼ �20 Z ¼ �10 Z ¼ 0 Z ¼ 10

M ¼ 20 0.7278 0.4475 0.1702 0.02574
M ¼ 30 0.7278 0.4474 0.1667 0.02525
M ¼ 40 0.7278 0.4474 0.1666 0.02523
M ¼ 50 0.7278 0.4474 0.1667 0.02525
M ¼ 60 0.7278 0.4474 0.1666 0.02523

s ¼ 90
M Z ¼ �20 Z ¼ �10 Z ¼ 0 Z ¼ 10

M ¼ 20 0.9345 0.8139 0.4725 0.1136
M ¼ 30 0.9344 0.8133 0.4649 0.1120
M ¼ 40 0.9344 0.8132 0.4646 0.1119
M ¼ 50 0.9344 0.8133 0.4649 0.1120
M ¼ 60 0.9344 0.8132 0.4646 0.1119

Fig. 3. Dimensionless fluid bulk temperature along the channel length for five
different channel wall thicknesses (L ¼ 900,650,400,200,75 mm) e steady state.
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Before proceeding to the discussion of the selected cases, a
verification is performed on the solution methodology herein
proposed by comparing the results against purely numerical solu-
tions obtained through the commercial solver COMSOL Multi-
physics, based on the finite element method. For this verification,
the channel thickness L ¼ 100 mm and two different volumetric
flow rates, 5.04 mL/min and 0.096 mL/min, have been selected,
yielding two very different Péclet numbers, Pe ¼ 27.476 and
Pe ¼ 0.5234, respectively. Fig. 2 (a,b) show the fluid temperature at
the channel centerline along the channel length for these two cases,
respectively, presenting both the GITT solution with the single
domain approach, and the COMSOLMultiphysics solution. Onemay
observe that for both cases, despite such very distinct behavior due
to the differences in Péclet numbers, the GITT and COMSOL solu-
tions are essentially coincident for all selected times. Regarding the
physics of the problem, it may be observed in Fig. 2(a) that with
Pe ¼ 27.476 the influence of the upstream region is significant only
at the early time stages, whereas in Fig. 2(b), with Pe ¼ 0.5234, the
influence of the upstream region is clearly observed.

In order to provide further discussions on the GITT solutionwith
the single domain approach, the convergence behavior of the so-
lution for the case with Pe ¼ 27.476 is presented in Table 1(a,b).
First, Table 1(a) shows the converge behavior of the eigenfunction
expansion by varying the truncation orderN in the expansion in Eq.
(3b), with fixed M ¼ 60 terms in the truncation of the algebraic
eigenvalue problems defined in Eqs. (14) and (15), for two different
times, s¼ 20 and s¼ 30, presenting full convergence to at least four
significant digits. The COMSOL solution is also presented, being in
agreement with the GITT solution in at least two significant digits.
Table 1(b) shows the convergence behavior of the solution con-
cerning the truncation order M employed in the algebraic eigen-
value problems in Eqs. (14) and (15), keeping the truncation orderN
in the expansion in Eq. (3b) fixed with N ¼ 10 terms, and showing a
consistent convergence behavior of at least three significant digits.
Similar results are illustrated in Table 2(a,b) for the case with
Pe ¼ 0.5234, where an overall convergence of at least three sig-
nificant digits is observed. The COMSOL results are also illustrated,
presenting an agreement of three significant digits in almost all
selected positions and times.
Table 3
Channel wall thickness of the test cases and calculated dimensionless parameters.

Case Wall thickness, L Bi, Eq. (2) s, Eq. (2)

1 L ¼ 900 mm Bi ¼ 0.375 s ¼ 5
2 L ¼ 650 mm Bi ¼ 0.28125 s ¼ 3.75
3 L ¼ 400 mm Bi ¼ 0.1875 s ¼ 2.5
4 L ¼ 200 mm Bi ¼ 0.1125 s ¼ 1.5
5 L ¼ 75 mm Bi ¼ 0.06562 s ¼ 0.875
Now we proceed to the investigation of the selected test cases
with different channel wall thicknesses and considering a volu-
metric flow rate of 0.5 mL/min, yielding Pe ¼ 3. Table 3 shows the
five channel wall thicknesses considered and the corresponding
calculated dimensionless parameters, Bi and s, in Eq. (2).

Fig. 3 illustrates the dimensionless bulk temperature distribu-
tion along the channel length at steady-state, for the five thick-
nesses presented in Table 3. It can be observed that decreasing the
thickness leads to an expected more effective cooling along the
channel, as consequence of less thermal resistance across the
transversal direction. From the mathematical point of view, one
may observe that decreasing the thickness implies in increasing the
term 4/s2, which affects the transversal diffusion term. It is also
observed that the pre-cooling that takes place at the upstream
region is slightly more effective when the thickness is increased,
which is explained by the increased relative relevance of the axial
conduction term with respect to the transversal diffusion term for
increasing thickness, and becomes less significant when the
channel wall thickness is decreased.
Fig. 4. Difference between the dimensionless internal and external wall temperatures
along the channel length for five different wall thicknesses, at steady state
(L ¼ 900,650,400,200,75 mm).



Fig. 5. Time evolution of the dimensionless internal wall temperature, external wall temperature, fluid bulk temperature and the approximate internal wall temperature obtained
from Eq. (11), at ZPe ¼ 5, for different wall thicknesses (a) L ¼ 900 mm, (b) L ¼ 650 mm, (c) L ¼ 400 mm, (d) L ¼ 200 mm and (e) L ¼ 75 mm.
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Fig. 6. Ratios between the dimensionless temperature at the internal face of the
channel and the temperature at the external face of the channel, along the transient
state for different longitudinal positions, in comparison with the approximation of Eq.
(18). Case 1: L ¼ 900 mm.

Fig. 7. Time evolution of the external wall temperature at ZPe ¼ 5 for five wall
thicknesses (L ¼ 900, 650, 400, 200, and 75 mm).

Fig. 8. Time evolution of the external wall temperature for different axial positions e

Case 1: L ¼ 900 mm.
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The influence of the thermal resistance due to the channel wall
is better observed in Fig. 4, that presents the difference between the
dimensionless temperature at the external wall (the interface with
the surrounding environment) and the temperature at the internal
wall (the interface with the fluid stream) along the channel length,
at steady state. One may observe that the temperature difference is
significantly higher at the region in the vicinity of the entrance of
the heat exchange section and then decreases along the channel
length. It is interesting to note that the temperature difference at
the entrance of the heat exchange section is not the highest,
because of the transition from the insulated upstream region,
which presents small transversal temperature gradients.

One important aspect involving conjugated heat transfer in
microchannels is how accurately the temperatures at the internal
wall can be inferred from temperature measurements at the
external wall, which can be directly obtained, for instance, by
means of an infrared thermography systemwithmicroscopic lenses
[41]. Assuming that all the energy that is dissipated at the external
wall to the surrounding environment arrives from transversal
diffusion and neglecting the heat capacitance of the channel wall,
we have the following approximate relation for the dimensionless
internal and external wall temperatures, based upon a simple
thermal resistance model:

qi;aproxðZ; sÞ ¼ Bi
L
Le

qðY ¼ 1; Z; sÞ (18)

Fig. 5 show the time evolutions of the dimensionless fluid bulk
temperature, the dimensionless temperatures of the external and
internal walls and the approximate dimensionless temperature of
the internal wall as calculated from Eq. (18). The axial position has
been intentionally chosen at ZPe ¼ 5, which is a position where
high temperature differences are observed (Fig. 3). The five cases
presented in Table 3 are shown here, namely: (a) L ¼ 900 mm, (b)
L ¼ 650 mm, (c) L ¼ 400 mm, (d) L ¼ 200 mm and (e) L ¼ 75 mm. For
the case of the thickest channel wall, in Fig. 5(a), we observe that
the approximate temperatures at the internal wall achieve a fairly
good agreement with the actual internal temperatures at steady
state, but along the transient the approximations are not so good,
offering lower predictions than the temperatures calculated
through the full conjugated model. This deviation is explained
mainly by the thermal capacitance of the wall, which may not be
neglected in this case. For L ¼ 200 mm and smaller thicknesses,
reasonable estimates of the internal wall temperatures are still
obtained with Eq. (18), even during the transient, since the effects
of the wall thermal capacitance are not so significant. Another
interesting aspect observed in Fig. 5 is that the fluid bulk temper-
ature is not so different from the internal wall temperature, in light
of the large heat transfer coefficients that can be achieved. Thus, in
such examples, good approximations of the fluid bulk temperature
can be inferred from temperature measurements at the external
wall of the channel with the use of Eq. (18), especially at steady
state. In order to illustrate the approximation behavior during the
transient state at other axial positions, Fig. 6 shows the ratios be-
tween the temperature at the internal face of the channel and the
temperature at the external face of the channel for four different
axial positions: Z Pe¼ 5, 10, 20 and 40, in the case with L¼ 900 mm.
The ratio provided by the approximation in Eq. (18) is also shown,
which is constant due to the neglect of the thermal capacitance.
One may observe that for positions farer from the entrance, the
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ratio computed from the full conjugated model takes more time to
reach the asymptotic behavior, as result of the increased time
needed to reach steady state at those positions, as it will be dis-
cussed later. Nonetheless, in all cases the asymptotic behaviors of
the ratio provided by the temperatures from the full conjugated
model are fairly close to the approximate temperature ratio value.

Fig. 7 brings a comparison of the transient behaviors of the
dimensionless external wall temperature at ZPe¼ 5 for the five test
cases here considered. These results show that the thickness of the
channel wall significantly affects the time needed for the estab-
lishment of the steady state, which becomes significantly higher for
increasing thickness. Finally, Fig. 8 shows the transient behavior of
the external wall temperature of Case 1 (L ¼ 900 mm) for different
axial positions. It can be observed that the positions farer from the
entrance require significantly more time for the establishment of
the steady state, being needed up to s ¼ 150 for the whole channel
length to reach steady state in the present illustration, which cor-
responds to more than 170 s for the considered dimensional pa-
rameters, much higher than in principle expected for a
microchannel convective heat transfer situation without wall
conjugation.

4. Conclusions

Internal transient forced convection with full channel walls
participation is here analyzed, with particular emphasis on liquid
flow micro-scale applications. A recently developed methodology
for the analysis of conjugated convective-conductive heat transfer
problems, consisting of a single-domain formulation combined
with the generalized integral transform technique (GITT), is here
further advanced in order to tackle transient conjugated problems,
taking into account both transversal and axial diffusion effects, and
including pre-heating or pre-cooling of the region upstream of the
heat exchange section. An existing experimental configuration is
considered, consisting of a rectangular microchannel etched on a
polyester resin substrate, with different wall thicknesses. This test
case is also used to verify the accuracy and merits of a simple
thermal resistance model across the wall thickness in estimating
the internal wall temperature from available measurements of the
external wall temperatures. The results obtained with the meth-
odology herein proposed with user-prescribed accuracy were
directly compared to purely numerical solutions obtained through
the commercial CFD simulation tool COMSOL Multiphsyics, pre-
senting excellent agreement.
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