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ABSTRACT

A comprehensive optimization procedure for the design of heat sinks used to harvest low-grade waste
heat for secondary processes is proposed. A designed porous medium approach is used, providing mod-
elling versatility and allowing for the treatment of several internal geometries within the same frame-
work. Two applications, taken from the cooling of high concentration photovoltaic cells and membrane
distillation, are used to illustrate the proposed procedure. Three internal heat sink geometries, namely
plate fins, pin fins, and metal foams, are analyzed, and the selection as to which one is the more ad-
vantageous is shown to be dependent on size and operational conditions. Possible pitfalls of a traditional
design procedure are pointed out, for heat transfer capability, under high heat load condition, should
be emphasized over fluid friction avoidance. The entropy generation rate is then shown to be a reliable
metric when designing for low-grade waste heat recovery, automatically focusing on either viscous dis-
sipation or thermal resistance minimization without introducing any artificial figure of merit for that

purpose.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Recovery of high-grade waste heat is routinely done in the in-
dustry, allowing for a large amount of economic value to be fur-
ther extracted from the same amount of burnt fuel. On the other
hand, low-grade waste heat is often discarded [1], for it would re-
quire expensive equipment to effectively cope with the small tem-
perature differences involved, while generating a relatively small
amount of useful work, insufficient to justify the investment. How-
ever, the challenges posed by climate change altered this sce-
nario and several technologies have been proposed in the last two
decades to reuse low-grade waste heat, often in conjunction with
renewable energy sources, in secondary processes [2,3]. Amongst
these processes one may cite organic Rankine cycles [4], water de-
salination using membrane distillation [5], thermoelectric genera-
tion [6], etc.
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Given a certain choice of processes, harnessing low-grade waste
heat and the associated low exergy content may benefit that the
equipment employed in its recovery destroy the least possible
amount of the already depleted available work. Therefore, for this
kind of application, the use of the Entropy Generation Minimiza-
tion (EGM) method [7] in the design of each component involved is
beneficial. EGM is based on introducing the inexorable irreversibil-
ity of fluid flow and heat transfer processes into relations from
Thermodynamics to find the best possible design given a set of
constraints, like size [7].

One component commonly used in low-grade waste heat har-
vesting is the heat sink. For instance, in high concentration pho-
tovoltaic (HCPV) cells, the potential for reuse of the waste heat
delivered to the coolant via a heat sink attached to the back of
each cell was demonstrated to be significant [3]; a similar applica-
tion can be found in electronic cooling [2]. Due to the large heat
loads involved in both these applications, most of the related re-
search focused on minimizing the thermal resistance of the heat
sinks [8-10]. Nonetheless, minimization of entropy generation has
also been addressed for plate-fins- [11,12], pin-fins- [13,14], and
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Nomenclature

arg Specific surface area

b Width of the channel

CF Inertial coefficient

Cp Specific heat at constant pressure of the fluid

d Height of the porous medium channel

de Pin diameter

dfip Fiber diameter

dp Pore diameter

Dy, Hydraulic diameter

hs Interstitial heat transfer coefficient

k Thermal conductivity

kq Apparent thermal conductivity due to thermal dis-
persion

Kfe x Effective thermal conductivity of the fluid phase in
the x-direction

Kfey Effective thermal conductivity of the fluid phase in
the y-direction

Kkse.x Effective thermal conductivity of the solid phase in
the x-direction

kse.y Effective thermal conductivity of the solid phase in
the y-direction

K Permeability of the porous medium

L Length of the heat sink

L Lagrangian

M Number of constraints

N Truncation order of eigenfunction expansion

Nu Local Nusselt number

Nug, Interstitial Nusselt number

p Intrinsic average pressure

Pr Prandtl number

Qw Heat flux at the bottom wall

Q Volumetric flow rate

Rey. Reynolds number based on the fin diameter

Ren Thermal resistance

S'ger.av Average entropy generation rate per unit of plan-
form area

Sé’ér Local entropy generation rate

S'ge’ﬂ Local entropy generation rate associated with heat
transfer

S'ge/m Local entropy generation rate associated with fluid
flow

T Temperature field

Tc Characteristic temperature

T; Temperature at the inlet

Tm Mean fluid temperature

u Seepage velocity vector in the porous medium

Umax Maximum interstitial velocity

w Width of the porous medium filled channel

Wy Pumping power

X Longitudinal spatial coordinate

y Transversal spatial coordinate

Greek Symbols

o Aspect ratio of the channel

e Porosity of the porous medium

0 Temperature under thermally developed flow condi-
tions

% Dynamic viscosity of the fluid

P Fluid density

[ Viscous dissipation

X Vector of design parameters

v Eigenfunctions for the temperature field

Superscripts and subscripts
- Transformed quantity

~ Normalized quantity

ij Indices for the eigenfunction
Refers to the fluid phase

S Refers to the solid phase

metal-foams-based heat sinks [15,16]. Yet, no comprehensive de-
sign procedure capable of dealing with any internal morphology of
the heat sink, including direct comparison of different configura-
tions, was made available in those works. Moreover, an application
of the EGM in heat pipes for waste heat recovery from air condi-
tioning units was recently reported [17].

Heat sinks often require several fins or complex structures to be
employed, hindering direct simulation due to the associated ele-
vated computational cost. Additionally, the intensification of trans-
port processes associated with small length scales frequently leads
to optimized internal features that are much smaller than the char-
acteristic size of the heat sink itself. These facts open the oppor-
tunity to treat the heat sink as a designed porous medium [18].
In this context, a common procedure has been to treat these de-
vices as a channel filled with fluid saturated porous medium and
introduce information about the internal structure through effec-
tive porous media properties, such as permeability, inertial coeffi-
cient, and effective thermal conductivity [9,10,19]. The advantages
of adopting the designed porous medium concept of heat sinks
make it ideal for computationally intensive tasks and allows for the
treatment of different internal morphologies of heat sinks with the
same modeling structure.

In theoretical analyses of heat transfer in porous media, the lo-
cal thermal equilibrium (LTE) hypothesis is usually adopted [20,21].
This formulation neglects the difference between the local solid
and fluid temperatures, allowing for the merging of all heat trans-
fer information into a single partial differential transport equa-
tion. However, several applications may induce significant devia-
tions from the LTE hypothesis, most notably for large thermal con-
ductivity differences [21-23], which is typically the case for heat
sinks. For these cases, local thermal non-equilibrium (LTNE) for-
mulations, consisting of a two-equation heat transfer model, must
be employed, adding difficulty to the analysis.

The thermodynamic optimization using EGM can become more
informative, in some cases even yielding explicit relations for the
optimized parameters and objective function, if analytical solutions
are available for the proposed model of the physical situation un-
der analysis [7]. However, analytical solutions to fluid flow and
heat transfer problems are usually restricted to simple linear prob-
lems in regular geometries; for more involved problems, numeri-
cal methods are usually required. Aiming at bridging the gap be-
tween analytical and numerical approaches, the Generalized Inte-
gral Transform Technique (GITT) was developed [24]. The GITT en-
abled the extension of the Classical Integral Transform Technique
(CITT) to nonlinear problems, irregular geometries, the boundary
layer and the Navier-Stokes equations, among others [25]. Further-
more, this hybrid numerical-analytical approach was extended to
handle different classes of flow and transport problems involving
domains totally filled with fluid saturated porous media [26] and,
afterwards, also partially filled porous media [27]. In such devel-
opments, the local thermal equilibrium (LTE) hypothesis was em-
ployed in writing the governing equations, but LTNE formulations
were more recently considered and solved by GITT [28]. The latter
proposed a method to deal with LTNE formulations using a sin-
gle eigenvalue problem, which proved quite effective, enabling the
solution of the two-equation model for roughly the same compu-
tational cost when the LTE hypothesis is adopted [28].
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Section D-D
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Fig. 1. Porous medium model for three different internal morphologies. A Cartesian coordinate system, main dimensions, the inlet velocity distribution, constant heat flux
at the bottom, and insulation at the top are indicated. Top views of the different morphologies: (A) Plate fins; (B) Pin fins; (C) Metal foams.

In this work, a thermodynamic optimization procedure is pro-
posed to obtain ideal internal arrangements for heat sinks respon-
sible for harvesting low-grade waste heat and delivering it to a sec-
ondary process. Two different fin configurations, namely plate fins
and pin fins, and metal foams are analyzed and critically compared
using the entropy generation rate as the main metric. For this pur-
pose, the heat sink is modeled as a fluid saturated porous medium
under the LTNE formulation, allowing for the different morpholo-
gies to be treated under the same framework. The resulting set of
partial differential equations is then solved through the GITT. Af-
ter validation of the model and computational code developed, a
zeroth order approximate solution stemming from the eigenfunc-
tion expansion of the GITT is used in the constrained optimiza-
tion procedure. Finally, assessment of two possible applications of
heat sinks in the recovery of low-grade waste heat and compar-
isons with a traditional sizing procedure are offered.

2. Model and methods
2.1. Porous medium model

Adopting the designed porous medium approach [9,10,18], the
solid and liquid phases inside the heat sink are treated as a fluid-
saturated porous medium channel, as illustrated in Fig. 1. The
properties of the porous medium are dependent on the particular
internal morphology of the heat sink. In this work, three different
configurations shall be analyzed, namely plate fins, pin fins, and
metal foams, as indicated in Fig. 1. The Cartesian coordinate sys-
tem and main dimensional parameters are also depicted to ease
the understanding of the model.

2.1.1. Fluid flow model

The fluid flow model adopted stems from fully saturated porous
medium flow theory. More specifically, the Darcy model with
Dupuit-Forchheimer form drag term is proposed to model the fluid
flow through the porous medium channel of Fig. 1. A macroscopic
viscous term, coined as the Brinkman correction, is frequently
adopted in analyses of the fluid flow in porous media. However,
this term was shown to be usually small and its use is poorly jus-
tified for most applications [29,30]. Furthermore, the flow is as-

sumed to be incompressible and fully developed. In sum, we then
have,
dp _p P 2
——— = ZU+ ——=CFll 1
ax ~ k' TR (1)
where x is the longitudinal coordinate, u is the seepage velocity
vector in the porous medium channel, p is the intrinsic pressure,
K is the permeability of the porous medium in the x-direction, cf is
the inertial coefficient, p is the fluid density, and w is the dynamic
viscosity of the fluid.

As illustrated in Fig. 1, the velocity profile associated with the
fully developed flow will be uniform in the y-direction. Therefore,
the seepage velocity can be related to the incident flow rate in the
following way:

Q

- = 2
u= 3 (2)
where Q is the volumetric flow rate, and d and w are the height
and width of the porous medium channel, respectively. Eqs. (1) and
(2) together with the knowledge that the pressure gradient is con-
stant along X, can be employed to determine the pressure drop
along the length of the heat sink, as shown below:

u Q 1%

_ Q.
Ap=h S WCF(VTd) L 3)

where Ap is the pressure drop between the inlet and the outlet of
the heat sink, and L is the length of the heat sink.

The pumping power needed to drive the coolant through the
heat sink can then be determined by the multiplication of the
pressure drop by the flow rate, as follows:
pQ,  p Q
Kwd" T k2 Tzt

where W), is the pumping power.

W, =QAp= (4)

2.1.2. Heat transfer model

Heat sinks usually present a large difference between solid and
fluid thermal conductivities, which is one of the main criteria for
the existence of a significant deviation from the LTE hypothesis
[21-23], thereby requiring LTNE formulations. The thermophysical
properties are assumed to be constant and the porous medium
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is considered to be orthotropic, with its principal axes coinciding
with the Cartesian coordinate system axes in Fig. 1. The porous
channel is assumed to be wide enough so the heat transfer can be
considered to be two-dimensional in the x-y plane of Fig. 1. Vis-
cous dissipation is also taken into account in the form proposed by
[31]. The heat transfer model for both the solid and fluid phases
then becomes,

0°T; 02T,

Kse x Fl + Kse y BT/Z (5.a)

— aghg|T(x.y) - Tr(x.y)] =0

92T, 02Ty
PCpU—~ ox —kfex ox zf +kfey dy 2 afshfs[Tf(va) _T?(va)] + @
(5.b)
with,
o= %uz + K%cpf (5.c)

where y is the transversal coordinate, ¢, is the specific heat at con-
stant pressure of the fluid, T; is the local temperature of the solid
phase, T¢ is the local temperature of the fluid phase, ks x is the ef-
fective thermal conductivity of the solid phase in the x-direction,
kse,y is the effective thermal conductivity of the solid phase in the
y-direction, kg, , is the effective thermal conductivity of the fluid
phase in the x-direction, kg, , is the effective thermal conductiv-
ity of the fluid phase in the y-direction, ay, is the specific surface
area of the porous channel, hy is the interstitial heat transfer co-
efficient, and @ is the viscous dissipation term. It is noteworthy
that the effective thermal conductivities of the fluid may include a
thermal dispersion term.

At the entrance of the porous channel of Fig. 1, the fluid is as-
sumed to have a uniform temperature, while the solid is assumed
to be locally in thermal equilibrium with the fluid. No outlet con-
dition is prescribed at x = L; instead, to avoid the imposition of a
possibly unrealistic zero-gradient boundary condition at this point,
a limited gradient at x — oo is adopted. At the top of the porous
channel, an adiabatic boundary condition is imposed. At the bot-
tom wall, as depicted in Fig. 1, a uniform heat flux is prescribed.
For LTE formulations, the establishment of this kind of bound-
ary condition is rather simple. However, for LTNE formulations a
question arises as to how the heat flux is distributed among the
two phases [32]. In this work, the model for this boundary condi-
tion assumes local thermal equilibrium between the solid and fluid
phases at the boundary and that the heat flux is distributed in ac-
cordance with the relative magnitude of the effective thermal con-
ductivity of each phase [33]. The resulting boundary conditions for
both the fluid and solid temperatures are as follows:

T;(0.y) = T(0.y) = Tin (6.a.b)
3Ty Ty .
Fm Ty limited (6.c.d)
X—00 X—00
T, T,
T 0) =T 0 = —ksey 1|~ kpey -t (6.e.f)
=0
T,
% = % =0 (6.8.h)
Y y=d Y y=d

where T;, is the uniform temperature at the inlet, and qy is the
uniform heat flux imposed at the bottom wall.

The mean fluid temperature, for the present plug flow model,
can be determined from the local fluid temperature in the follow-
ing way:

d
T = 5 [ Ty )dy )
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where Ty, is the mean fluid temperature.
From the definition of the mean fluid temperature, it is possible
to establish a relation for the local Nusselt number as,

_ G 4
T T(x,0) — T (X) kpey

where Nu is the local Nusselt number.

Another important parameter for the evaluation of heat sinks is
the thermal resistance, which is defined as follows,
Tf(L,0) — Ty 9)

qw

where R, is the thermal resistance. The maximum wall tempera-
ture is assumed to occur at the bottom right corner of the channel
of Fig. 1 in Eq. (9).

(8)
Rth =

2.2. Properties of the equivalent porous medium

The designed porous media concept allowed for the establish-
ment of a common set of governing equations in sections 2.1.1 and
2.1.2. The distinction among the internal morphologies of the heat
sink is then accomplished through effective porous medium prop-
erties associated with each of the geometries illustrated on the
right side of Fig. 1. The resulting properties will be presented in
the following subsections.

2.2.1. Plate fins
Due to entrance effects, the prevalence of a thermally develop-
ing flow condition in plate fins heat sinks was experimentally es-
tablished [34]. Therefore, the hydraulic properties for this situation
will be determined from results for fully developed flow in rectan-
gular channels. Using the Poiseuille number expression appropriate
for laminar flow in rectangular channels [35] and Darcy’s law, we
can write,
eb? 192 >
K=" { Z (10.2)
i=1,3,5..

tanh (ma/z):|

=0 (10.b)

where ¢ is the porosity of the porous channel, b is the width of

the channel formed by two adjacent plate fins (see Fig. 1), and

o =d/b is the aspect ratio of the channel formed by two adjacent

plate fins. The infinite sum of Eq. (10.a) was truncated at i = 21 (11

terms), which yields results with at least six fully converged digits.
The specific surface area is given by,

Qo — 2a + 1 £

S=7a b

The thermal conductivities of the solid and fluid phases in both
the x- and y-directions can be calculated as,

(11)

ksex = ksey = ks(1 — &) (12.a.b)

kfe,x = kfe,y = kf8 (lZ.C.d)

where k; is the thermal conductivity of the solid and k f is the ther-
mal conductivity of the fluid. Eqs. (12.a-d) assume the solid and
fluid phases are disposed parallel with each other in both x- and
y-directions.

The interstitial Nusselt number for thermally developing lami-
nar flow in the channels formed by the plate fins can be obtained
as described in section S1.1 (see Supplementary Information). Then,
the interstitial heat transfer coefficient is given by,

](f
Dy
where Nuy, is the interstitial Nusselt number and Dy is the hy-
draulic diameter of the channels formed by the plate fins.

hfSZNUfS (13)
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2.2.2. Pin fins

The permeability for the pin fins case is determined by ad-
justing the Carman-Kozeny relation to the results of Zukauskas
[36] (see section S1.2 of Supplementary Information). This proce-
dure was shown to correctly predict the trend of the results from
Zukauskas [8], even though the value of the adjusted coefficient
adopted here differs from the one reported in that work to better
fit the data. The inertial coefficient, cf, is also adjusted to the same
data. The results are as follows:

3
K=—"2 d? (14.2)
21(1—¢)
¢ = 0.100 (14.b)

where d. is the pin diameter (see Fig. 1).

The specific surface area for the pin fins heat sink, defined as
the ratio between the total surface area of the pins and the volume
of the porous medium channel, is then,

ay, = %:8) (15)

The thermal conductivities in the y-direction are determined
using relations appropriate for parallel phases. For the x-direction,
a relation from the literature is used [37] together with the as-
sumption that the thermal conductivity of the solid is much larger

than that of the fluid, yielding,
ksex = O;ksey = ks(1 — &) (16.a.b)

1-—
Kpex = kf<1 +2T8>;km = kye (16.c.d)

The interstitial heat transfer coefficient is obtained using the
correlations proposed by Zukauskas [36] for staggered rows of
cylinders in the following way:

kf

hps = d—CRedC”‘PrO% (17.a)
Cc

with,

Ry, = Pumaxde Ll pude (17b)

nwo ym-2(1-¢)? p
where Reg_is the Reynolds number based on the fin diameter, Pr is
the Prandtl number of the fluid, and upax is the maximum intersti-
tial velocity. The values for the constants C and m vary depending
on the range of Reynolds numbers [36].

2.2.3. Metal foams
The fiber diameter can be determined from the pore diameter
of the metal foam structure in the following way [38]:

118 /1—¢
dfib = de 37 (18&)
with,
1-¢

where dy;, is the fiber diameter (see Fig. 1), dp is the pore diameter
(see Fig. 1), and G is a dimensionless factor that accounts for the
change in the cross-section of the fiber with varying porosity [38].

The permeability, K, and the inertial coefficient, cg, for metal
foams are given by [39],

-1.11
de:
K = 0.00073(1 — &) %2% (f) d,? (19.a)
p
ds -1.63
¢r = 0.00212(1 — ) 0132 (df"’> (19.b)
p
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The specific surface area for metal foams is then [38],

3md ‘bG
Qg = ST (20)
(0.59dp)
The thermal conductivities for metal foams are considered
isotropic and can be, already including thermal dispersion effects,
calculated as [40],

ksex = kse,y

-1
N R

Kiex = K,y

[ 2[3E 3k1-n 33 (V3 B

o e 5 sa T ()] e
(21.b)

with,

—r—i—\/r2 + 2‘3—5(1 —8)[2 - r(l + %)]
£ = (21.0)
(8]
kq = 0.06pc,uk'/? (21.d)

where k; is the apparent thermal conductivity due to thermal dis-
persion. Originally, a value of r = 0.09 was proposed [40]. How-
ever, a survey with a larger amount of empirical results found that
r = 0.098 better fits the data [41].

The interstitial heat transfer coefficient is then obtained with
the following correlation [40],

k uds 0.5 c 0.37
hys = 0.52- L (P29 ) (K (22)
dfib e kf

2.3. Solution Methodology

The Generalized Integral Transform Technique (GITT) is em-
ployed in the solution of the heat transfer model of Eqs. (5.a-c) and
Egs. (6.a-h) [24,28]. A complete description of both the method and
the computational procedure are provided as Supplementary Infor-
mation (see section S2). Here, for further reference in the results
and discussion section, the truncated inverse formulae used in the
reconstruction of the fluid and solid temperatures are reproduced,
as follows:

N
Tr(x.y) = 0;x.9) + > TX)pi(¥) (23.)

i=1

N
T(x,y) = 0% y) + Y _Ti(OVsi() (23.b)
i=1

where 6 and 6; are the fluid and solid temperatures, respectively,
under thermally developed flow conditions, N is the truncation or-
der, 1/7)«,1- and 1/75‘1- are the normalized eigenfunctions for the fluid
and solid temperature fields, respectively, and T is the transformed
temperature field. The fully developed flow solutions are employed
as analytical filters that satisfy and homogenize the boundary con-
ditions of the original problem, while the eigenfunction expan-
sions at the rightmost hand side of Eqgs. (23.a,b) account for the
thermally developing region contributions. The eigenfunctions are
obtained from the following coupled eigenvalue problem, adapted
from [28],

d2
kse.y% - afshfs(ws,i - Wf,i) =0 (24.a)
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Heat sink

Fig. 2. Thermodynamic analysis of a two processes system featuring an intermedi-
ary heat sink. Red dashed enclosing representing the boundary of the system. Heat
and power interactions are also indicated. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article)

d>yr¢;
kfayTsz +w?pcpur;(v) — agshys(Ypi — ¥si) =0 (24.b)
with boundary conditions and normalization given by,
drs; dvrs;
a(0) = U5 Oy | by & =0 2o
ddw" = L;/"”’ =0 (24
Y y=d Y y=d
~ 5 y ~ .
G = L) = YD) (24gh)
N N

d . .

Ni= [ ooy (24.)

which leads to the orthogonality property below, that is essential
in obtaining the transformed ordinary differential system for the
transformed potentials,

d o ~
| oeoionis 0ray = o, (25)

where §;; is Kronecker's delta.

The thermophysical properties necessary to solve the fluid flow
and heat transfer models are interpolated from tables for pure wa-
ter available in the literature [42]. The temperature used in the in-
terpolation is the arithmetic mean between the mean fluid tem-
peratures at the inlet (T;;(0)) and at the outlet (T;;(L)). The solid
phase is considered to be Aluminum 6201 (ks = 205W/mK [41]).
The solution methodology was programmed in the Wolfram Math-
ematica v.12 [43] environment to ease the algebraic manipulations
and to perform the numerical computations.

2.4. Optimization procedure

2.4.1. Entropy Generation Minimization

The purpose of this section is to briefly comment key aspects
from the EGM method [7] and also to support its use instead of
alternative design procedures. A two-process system is envisioned
in this work, as illustrated in Fig. 2. A primary process, identi-
fied in Fig. 2 as B, is responsible for converting the heat transfer
rate Qy from a primary source, which can be fuel, sunlight, among
others, into useful power W;; inevitably, heat is rejected as a by-
product. This waste heat, usually severely depleted of free energy
and named low-grade for this reason, is to be harnessed in a sec-
ondary process that will deliver more power Wj; and finally reject
heat to a reservoir with temperature Ty. The heat sink acts as an
intermediary thermal device receiving the waste heat from the pri-
mary process and delivering it to the secondary process through
the flow of a coolant, where Q is the volumetric flow rate.

International Journal of Heat and Mass Transfer 181 (2021) 121850

For the system delimited by the red dashed rectangle shown
in Fig. 2, the First and Second Laws of Thermodynamics in steady
state can be written as,

Qi —Q-W-W;=0 (26.a)
O Q  «
T, T, *oer=0 (26.b)

where Sger is the entropy generation rate in the system.
Considering the primary heat source as fixed, it is possible to
eliminate Qy by combining eqs. (26.a,b), yielding,

) . o\ . .
Wi+ Wy = (1 - ﬁ)QH ~ ToSeer (27)

The rightmost term of Eq. (27) is strictly positive, which im-
plies that, for a fixed primary heat source, it can be interpreted as
a lost available work Wo = TySger > 0; this result is widely known
as Gouy-Stodola theorem [7]. Therefore, to ensure that the maxi-
mum power is delivered by the two processes, one must minimize
the entropy generation rate within the whole system. One strat-
egy to accomplish this goal is to minimize the entropy generation
rate associated with each component of the system [7], such as
the heat sink. Of course, minimizing the entropy generation just
for the heat sink is not sufficient, and the irreversibility of the pri-
mary and secondary processes ought to be minimized as well to
achieve maximum combined power output. Nevertheless, to fur-
ther substantiate the focus of this work in low-grade waste heat
harvesting heat sinks, they were shown to play a large role in the
efficient operation of water desalination using membrane distilla-
tion [5].

2.4.2. Objective function and constraints

Local entropy generation rate is related to temperatures and
their associated gradients, and the viscous dissipation term as fol-
lows [36]:

Sgér = S./g/e/r,T + Sgér.u (28'8)
with,
2 2 2
g M (1) e (0T ey (07
gerT = T2 \ 9x 7,2 \ dx T2 \ 9y
2
ksey BTS afshfs 2
== L —T 28.b
2 5y +T5Tf(s 7) (28.b)
. O
SV == (28.0)
ger,u Tf
where Sge’r is the local entropy generation rate, s'ggr,u is the local

entropy generation rate associated with fluid flow, and Sgér.r is the
local entropy generation rate associated with heat transfer. The last
term on the right hand side of Eq. (28.b) is added to the original
relation [36] to account for the interstitial heat transfer between
the fluid and solid phases of the adopted LTNE formulation.

The average entropy generation rate per unit of planform area
for the whole heat sink is then obtained as,

oI/ 1 drt U
sger,av = I/O /O SgerdXdy (29)

where S"’g’e,,a,, is the average entropy generation rate per unit of
planform area.

The integral transform solutions expressed by Egs. (23.a,b) can
be directly substituted in the local entropy generation rate ex-
pressions, Eqs. (28.a-c), and then be numerically integrated to
obtain the average entropy generation rate, Eq. (29). However,



K.M. Lisboa, J.L.Z. Zotin, C.P. Naveira-Cotta et al.

more complicated and computationally intensive optimization al-
gorithms than the one employed here would be required. In this
context, even though results from the numerical integration will
also be reported for verification purposes, an approximate average
entropy generation rate shall be employed as the objective func-
tion for the optimization process. First, the temperatures in the
denominator of each term of Eqs. (28.b,c) are in the absolute tem-
perature scale; then, the magnitude of the variation these tempera-
tures are expected to suffer along the heat sink will likely be much
smaller than their absolute numerical values. This approximation is
especially reasonable for low-grade waste heat sources and the as-
sociated small temperature differences. Therefore, a characteristic
temperature, equal to T, = Tz (L/2), will be used in the denomina-
tor of each term of Eqs. (28.b,c). Moreover, simple closed form ex-
pressions for the average entropy generation rate are attainable if
lower truncation orders are set in Egs. (23.a,b) to approximate the
temperature fields. The simplest possible proposal is the retention
of only the thermally developed solution from Eqs. (23.a,b) in Egs.
(28.b,c), more specifically, setting Ty =60 and T; = 6s. Further in
the text, this approximation will be shown to be accurate enough
near the optimum. We then have,

2 2 2
S”/ ~ kfe,x % + kse'x % + kfe'y %
gerl = 72 \ 9x 7.2 \ Ox 7.2 \ dy

2

kse,y 895 afshfs 2
+ -— | + 0, — 60

T.2 (3y T.2 ( sTYS )

O

Shoru = T (30.b)

(30.a)

where T is the characteristic temperature evaluated as T, (L/2). An
analytical expression resulting from the integration of Eq. (29) us-
ing Eqgs. (30.a,b) as integrands is offered in the Supplemetary Infor-
mation (see section S3).

Constraints are necessary in order to obtain meaningful and
feasible designs from the optimization process. The constraints
vary with the different internal morphologies of the heat sink, and
stem from manufacturing restrictions, like aspect ratios and min-
imum feature sizes, and limitations of the models employed. In
general, the height of the flow paths’ cross-sections is imposed to
be at most 10 times the width, and features should be at least 100
pm thick. More precise statements of the constraints adopted are
presented in section S3 of the Supplementary Information. These
values are reasonably representative of available microfabrication
techniques [44] and may be adjusted to the manufacturing capa-
bilities of a particular design group. The exception is metal foams,
for which these restrictions together with model limitations would
preclude any feasible design to be obtained. For this case, the re-
strictions were partially relaxed as can be seen in section S3 of
Supplementary Information.

A fixed volume, relevant for a particular application, is estab-
lished to be occupied by any of the internal structures illustrated
in Fig. 1. This volume will then be substituted by an equiva-
lent porous medium, enabling the use of the model and solution
methodology previously described. In addition, the heat load, inlet
temperature, and flow rates are fixed in the optimization process
and treated as duty parameters imposed by either the primary or
secondary processes depicted in Fig. 2. The optimization problem
to be solved can then be stated as,

Minimize S, ,, (31a)
subject to constraints,
In(x) <00m=1,2,3,..M (31.b)

where ¥ is the vector of design parameters, [y, is a function of the
designed parameters used to establish the m-th constraint, and M
is the total number of constraints.
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2.4.3. Lagrangian and KKT conditions
A Lagrangian capable of conveying information on the objective
function and the constraints described earlier can be written as,

M
L(X. Am) = s,/g/er,av(X) + Z Amln ) (32)
m=1

where £ is the Lagrangian and A, is the m-th Lagrange multiplier.

A set of equations to be used to find possible candidates for the
constrained minimum of S:’g’em,, can then be analytically obtained
from Eq. (32), as follows,

VyL(X, Am) =0 (33.3)
aL
T = 0 (33.b)

where Vy is the gradient with respect to the design parameters.

To deal with the Lagrange multiplier method under inequali-
ties constraints, at first, the unconstrained case is analyzed, i.e.,
all Lagrange multipliers A, are set to zero in Eq. (32) and then
Eq. (33.2) is solved for the design parameters x. Afterwards, all
possible constrained cases are analyzed, in the limits of the in-
equalities. For this purpose, Eq. (33.a) is solved together with
Eq. (33.b) and Iz (x) = 0 written for each constraint to be imposed
in the particular run, yielding the design parameters and the La-
grange multipliers associated with the imposed constraints. The
remaining Lagrange multipliers associated with constraints not in-
volved in the run are set to zero. The equations are solved nu-
merically using the function FindRoot from the platform Wolfram
Mathematica v.12 [43].

Each candidate obtained through the process described in the
last paragraph is then checked using the Karush-Kuhn-Tucker
(KKT) conditions [45]. Then, the positive semi-definiteness of the
Hessian matrix evaluated at each candidate point is checked to en-
sure optimality. Among the candidates that fulfill all criteria, the
one that presents the minimum value of S'ger,av is returned as the
solution of the optimization procedure. The KKT conditions are de-
scribed in detail in section S4 of the Supplementary Information.

3. Results and discussion
3.1. Convergence and validation

Table 1 illustrates the GITT solution convergence of the Nusselt
number at three selected positions along the heat sink and of the
average entropy generation per unit of planform area with vary-
ing truncation order N. Only results for plate fins and pin fins are
contemplated for the sake of brevity. For better visualization of the
convergence behavior, a graph conveying information on the con-
vergence of the Nusselt number and of the average entropy genera-
tion rate from Table 1 is provided as Fig. S5.a,b (see Supplementary
Information). An optimized configuration for the physical situation
of the core of the heat sink occupying a volume of 10 cm x 10 cm
x 2 mm, being subject to a flow rate of 5 L/min, inlet temperature
of 25°C, and a heat flux of 100 W/cm? is chosen to illustrate the
convergence behavior. These parameters are representative of the
application of the heat sink in the waste heat recovery of mem-
brane distillation systems [46]. As can be seen, convergence of the
entropy generation rate is satisfactory, with a four significant dig-
its convergence being achieved with N = 120. On the other hand,
the convergence of the Nusselt number is considerably slower, es-
pecially for longitudinal positions closer to the entrance. Neverthe-
less, for the worst case (plate fins and x = 1 mm), the local Nusselt
number changes by only 0.5% when the truncation order is raised
from 110 to 120, which was deemed satisfactory. In sum, N = 120
was employed in all further calculations performed in this work.
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Table 1
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Convergence of the Nusselt number and average entropy generation per unit of planform area for plate
fins and pin fins. Results shown for the optimized configuration given a volume of 10 cm x 10 cm X 2
mm, flow rate of 5 L/min, and prescribed heat flux of 100 W/cm>. Values of design parameters: for plate
fins b = 200 pm and ¢ = 0.514; for pin fins d. = 909 pm and ¢ = 0.475.

Nu sger.av
(W/mK)
N x=1mm X =5mm x = 10mm
Plate fins Pin fins  Plate fins Pin fins  Plate fins Pin fins Plate fins  Pin fins

1 474.7 732.5 4711 717.1 467.3 702.4 133.0 99.94
4 482.6 746.4 477.7 727.2 472.5 709.2 132.2 99.51
7 488.1 752.2 482.0 731.1 475.7 711.6 131.8 99.38
10 493.6 757.6 485.9 734.5 478.2 713.5 131.5 99.27
70 576.1 819.5 502.2 746.9 483.7 717.3 130.3 98.80
80 581.8 8213 502.3 746.9 483.7 717.3 130.3 98.78
90 586.4 822.2 502.3 746.9 483.7 717.3 130.2 98.77
100  590.1 822.6 502.4 746.9 483.7 717.3 130.2 98.76
110 5934 822.8 502.4 746.9 483.7 717.3 130.2 98.75
120  596.2 822.8 502.5 746.9 483.7 717.3 130.2 98.75

The model and the computational code developed were vali-
dated against experimental data for plate-fins- [34,47], pin-fins-
[48], and metal-foams-based [40] heat sinks reported in the liter-
ature. Comparisons of the fluid flow and heat transfer results ob-
tained in this work and the experimental data are offered in sec-
tion S5 of the Supplementary Information. The agreement of the
model, method and computational results with the ones stemming
from three independent experimental results is overall fairly good,
building confidence on the designed porous media and integral
transform approaches here adopted.

3.2. Thermodynamic optimization

Two particular applications are chosen to illustrate the proce-
dure. The first one, to be henceforth referred to as ‘small heat sink’
case, stems from the cooling of HCPV panels [3]. The volume oc-
cupied by the equivalent porous media as depicted in Fig. 1 is, for
this case, 1 cm x 1 cm x 1 mm and the coolant flow rate is 35
mL/min. The second, coined as ‘large heat sink’ case, was already
introduced in section 3.1, and is related to waste heat recovery for
water desalination using membrane distillation [46]. In this case,
the volume occupied by the porous medium channel is 10 cm x 10
cm X 2 mm and the flow rate is 5 L/min. For both cases, the inlet
temperature is set to 25°C. The input parameters are summarized
in section S6 (see Supplementary Information).

Fig. 3 offers the minimum average entropy generation rate
per unit area, as a function of heat load, obtained through
the optimization procedure described earlier. Both the approxi-
mate entropy generation rate, calculated with the thermally de-
veloped solution, and the complete entropy generation rate ob-
tained through numerical integration of Eq. (29) together with
Egs. (23.a,b) and Egs. (28.a-c) are depicted. A different optimized
set of design parameters is obtained for each heat load consid-
ered. Figs. 3a and 3.b refer to the small and large heat sinks, re-
spectively. As already mentioned, the restrictions stemming from
manufacturing and model limitations hinder the optimization of
the metal-foams-based heat sink. Thus, even though Figs. 3.a,b
show a significant disadvantage of this morphology in compari-
son with both the plate and pin fins, the results from the op-
timization of the metal foams are ultimately considered to be
inconclusive.

From the results of Figs. 3, it is possible to assert that the
approximation introduced into the objective function is justified,
since, near the optimum, the agreement between the complete
and approximate formulations of the entropy generation is mostly
good. The exceptions are heat sinks based on metal foams, for
which the constraints became too restrictive to produce designs

with performance comparable to plate and pin fins. In this case,
the approximate entropy generation rate yields values up to 2x
the one calculated with the fully converged temperature fields. For
plate and pin fins, the deviation between approximate and com-
plete entropy generation rate of the optimum internal arrangement
stayed below 5% and 10% for the small and large heat sinks ap-
plications, respectively, thus corroborating the simplified optimiza-
tion procedure proposed. In case more precise approximations are
needed, additional terms from the eigenfunction expansions of Egs.
(23.a,b) can be added to the calculation of the entropy generation
rate, which is an advantage of using a hybrid numerical-analytical
scheme such as the GITT. For instance, Table 1 shows that the en-
tropy generation rate obtained with the addition of just one more
term to the fully developed temperature field (N = 1) deviate from
the fully converged value by only 2% and 1% for the plate and pin
fins, respectively.

For the small heat sink case, as can be seen in Fig. 3.a, the aver-
age entropy generation rates per unit of area obtained with plate
and pin fins are roughly equivalent, especially given possible un-
certainties in the models employed. For instance, when a heat flux
of 100 W/cm? is applied, the entropy generation of the pin-fins-
based heat sink is only 7% higher than the one associated with
plate fins. The ease of manufacturing then dictates, in this case,
that the plate fins should be selected. On the other hand, for the
large heat sink case, according to Fig. 3.b, whether plate fins or
pin fins should be used is dependent on the applied heat load.
For lower heat loads, the plate fins have some advantage, while
for higher heat loads, pin fins should be used. The data available
in Table 1 further illustrates the advantage of pin fins for the large
heat sinks subject to 100 W/cm?, with a 24% lower entropy genera-
tion rate per unit area in comparison with the plate fins. The main
reason for this behavior is the superior heat transfer capabilities of
the pin fins design, at the expense of higher pressure drops; for
lower heat loads, heat transfer loses importance and the plate fins
become more advantageous.

Figs. 4a,b and Figs. 5a,b illustrate the behavior of the entropy
generation rate with changes on the design parameters (porosity
and channel width or pin diameter) and also the optimum points
for the large heat sink case. When lower heat fluxes are applied,
such as 1 W/cm? associated with Figs. 4.a,b, both the plate and pin
fins optimum arrangements tend to higher porosities, which is an
indicative of the dominance of the irreversibility associated with
viscous dissipation that can be significantly reduced by providing
more space for the fluid to flow. A minimum entropy generation
rate point is found inside the region formed by the constraints,
even though, for the plate fins, this optimum point is relatively
close to the curve representing the minimum fin thickness allowed
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Fig. 3. Entropy generation rate per unit of planform area as a function of heat load. (a) Small heat sink; (b) Large heat sink. ‘Approximate’ curves refer to values obtained
with Egs. (30.a,b), while ‘complete’ curves refer to values obtained numerically with Eqgs. (28.a-c) and Eq. (29).

1 -
a
0.8
z
2 0.6-
]
3
[T}
0.4
02

0.002 0.004 0.006 0.008 0.01
Channel width (m)

b

Porosity (-)

14 e
=

3

09 0.9 :2
2.8 Q

7 =

0.8 o §
0.5 5

0.7 04 ;
0.3 %

0.6 02 —~
i §

0 N

0.5 =

0.002 0. 004 0. 006 0. 008 0. 01
Pin diameter (m)

Fig. 4. Contours of entropy generation rate per unit of planform area for a heat load of 1 W/cm> (a) Plate fins; (b) Pin fins. Point and dashed lines indicating the optimum
point location. Thick green solid lines indicating the constraints. The insets represent the geometries associated with each graph. (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article)

by manufacturing restrictions (100 um). For a heat load equal to
100 W/cm?, Figs. 5.a,b show that the optimum design parame-
ters points lie on curves representing constraints; more specifically,
plate and pin fins become limited by a maximum aspect ratio of
the flow path, as detailed in sections 2.4.2 and S3 (see Supple-
mentary Information). Furthermore, the optimum design parame-
ters for 100 W/cm? tend to lower porosities, for the associated nar-
rower flow paths improve the heat transfer performance, which is
the limiting factor under high heat loads.

The optimum sizing parameters that are either design parame-
ters themselves or quantities derived from the design parameters
are shown in Figs. 6.a,b for the large heat sink case. As the heat
load decreases, both the channel width b and the pin spacing s
(see Fig. 1) significantly increase, broadening the cross-section of
the flow path, thereby reducing fluid-friction-related irreversibility.
The thickness of the plate fin initially decreases with increasing
heat load. However, at some point, the tendency reverses, and a
higher value is attained, as shown in Fig. 6.a. On the other hand,
the optimum pin fin diameter shows a reverse behavior, initially
rising slightly and then decreasing mildly. A similar pattern to the
one observed for the pin diameter is present for both the number
of channels and number of pins; the difference is that the initial
rise is considerably steeper than the one seen in the pin diameter
case.

3.3. Shortcomings of a common design procedure

Fig. 7a presents a graph commonly used in heat sink design
[49]. In this graph, the flow rate is varied and the resulting thermal
resistance and pumping power are plotted for both the plate and
pin fins large heat sinks with a heat flux of 100 W/cm? imposed at
the bottom wall. From these curves alone, a designer may decide
to select the plate fins as the more appropriate internal morphol-
ogy for low-grade waste heat harvesting, since, for a given pump-
ing power, the thermal resistance is lower using plate fins instead
of pin fins. Nevertheless, the results of Fig. 3.b and Table 1 point
to a significant advantage of the pin fins over the plate fins in this
particular case.

To understand these conflicting conclusions, a metric named
Bejan number is employed. This dimensionless number is simply
the ratio of the local entropy generation rate due to heat transfer
and the total local entropy generation rate [50]. Mathematically,

"
S ger,T

Be = 3111 1"
Sger,T + Sgeﬁu

(34)
where Be is the Bejan number.

Contours of the Bejan number for the large heat sink case with
an applied heat flux of 1 W/cm? are illustrated in Fig. 8.a,b for
plate and pin fins, respectively. Given the relatively low heat load,
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the irreversibility is more evenly split between viscous dissipation
and heat transfer, favoring designs with lower associated pump-
ing power; in this case, the plate fins. Fig. 9 shows Bejan number
contours for the pin fins heat sink subject to a heat load of 100
W/cm?; plate fins are not contemplated, for, in the same scale of
the graph for pin fins, it renders a blank figure due to all val-
ues being above 0.99. In this situation, the relatively large heat

10

load causes a complete dominance of the heat-transfer-related irre-
versibility. Thus, in this case, heat transfer performance should be
emphasized over pumping power, given the centrality of minimiz-
ing the entropy generation rate established in section 2.4.1. Fig. 7b
shows a significant advantage of the pin fins design as far as heat
transfer is concerned, and that is the reason for preferring the pin
fins as indicated by Fig. 3.b.
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4. CONCLUSIONS

A comprehensive heat sinks design procedure intended for low-
grade waste heat harvesting was proposed, implemented, and illus-
trated. The combination of the designed porous medium concept
and the EGM method allowed for the treatment of different inter-
nal morphologies of the heat sink within a unified framework.

For the application involving small heat sinks, stemming from
cooling of HCPV panels, the use of plate and pin fins were shown
to be roughly equivalent as far as destroying the least amount of
available work is concerned. For the application with large heat
sinks, associated with heat recovery for membrane distillation, the
best design is strongly dependent on the heat load imposed on
the heat sink. Large heat loads favored the use of pin fins, while
plate fins are preferred for low heat loads. This conclusion enters
into conflict with a comparison based on thermal resistance versus
pumping power curves, which predicts that plate fins are a supe-
rior design. For instance, a plate-fins-based heat sink has a thermal
resistance of 0.276 Kcm?/W as opposed to 0.363 Kcm?/W obtained
with pin fins for a pumping power of 7 W. However, an optimized
plate fins heat sink destroys roughly 24% more exergy than one
employing pin fins when a heat flux of 100 W/cm? is imposed.
This problem is then clarified by showing that, at such high heat
loads, heat transfer should be emphasized at the expense of pump-
ing power. Therefore, unless the pumping power is a given duty
parameter for a particular application, the EGM method is a more

1

reliable source of optimum designs for heat sinks intended for low-
grade waste heat recovery. The entropy generation rate is capable
of automatically conveying information on heat transfer and fluid
flow and selecting which one should take precedence without the
introduction of artificial figures of merit for this purpose.

The optimization analysis of the metal-foam-based heat sink
was inconclusive, for the constraints related to manufacturing and
models hinder the attainment of similar performance figures as
obtained with the plate and pin fins. Since the modeling restric-
tions may stem from the limited data they are based on, rather
than the design itself, no further critical analysis was pursued for
this case.

In order to be fully effective, the entropy generation must also
be minimized for the primary and secondary processes coupled
with the heat sink, which shall be done in the near future. A pos-
sible symbiotic relation between a hybrid numerical-analytical ap-
proach, such as the GITT, and the EGM method of thermodynamic
optimization was identified in this work, and shall be pursued fur-
ther in future endeavors.
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